The modal method is well adapted for the modeling of deep-groove, high-contrast gratings of short period, possibly involving metal parts. Yet problems remain in the case of the TM polarization in the presence of metal parts in the corrugations: whereas most of the diffraction features are explained by the interplay of an astonishingly small number of true propagating and low-order evanescent modes, the exact solution of the diffraction problem requires the contribution of two types of evanescent modes that are usually overlooked. We investigate the nature and the role of these modes and show that metal gratings can be treated exactly by the modal method.
INTRODUCTION
The modal method is often applied to one-dimensional (1D) periodic corrugations in its rigorous-coupled-waveanalysis form whereby the permittivity profile ⑀͑x , z͒ in the grating region is expressed as a Fourier series. 1 The electromagnetic field is also expressed in a Fourier series which can be summed to represent the field of the modes propagating up and down the grooves of the corrugation. These modes are, however, the modes of the Fourierdeveloped grating profile, not of the actual grating. In the presence of high index contrast, and particularly when metal parts are involved, such approach faces convergence problems. 2 The true modal method 3 considers the corrugation as it actually is and calculates the field as that of the modes satisfying the boundary conditions at the grating walls. High permittivity contrasts are therefore taken into account naturally, which results in much faster convergence. In a lamellar grating, the propagation constant of the modes is given analytically as the solution of a very simple dispersion equation resulting from the periodic boundary conditions at the groove interfaces.
The presence of metal in the case of the TM polarization is known to cause numerical problems in most methods. 2 The modal method also meets difficulties, although the modes propagating up and down the rectangular grooves of the grating do represent a natural basis for the expansion of the grating fields. 4 The modal method gives correct results if all the modes are taken into account. It is usually believed on the basis of early fundamental work that the modes of a lossless lamellar grating have either real or imaginary eigenvalues. 5 Applying this statement to a lamellar grating comprising lossless metal parts actually leads to wrong results. Indeed, there are some modes exhibiting a complex eigenvalue even in a lossless structure. 6 When they are considered as parts of the modal basis, the modal method gives diffraction efficiencies of a lossy grating with high accuracy and much greater speed than the Fourier modal methods.
MODAL METHOD IN PERIODIC STRUCTURES A. One-Dimensional Binary Grating
Let us consider the diffraction of a plane monochromatic wave on a lamellar grating made in a layer of thickness h between two semi-infinite homogeneous media of permittivity ⑀ I and ⑀ II (see Fig. 1 ). The grating contains two types of interleaved bars having thickness d 1 , d 2 and permittivity ⑀ 1g , ⑀ 2g , respectively, of
The magnetic permeability of all media is assumed to be that of vacuum 0 . The structure is uniform in the y direction. If the incidence is under angle relative to the z axis, the field components of the incident wave are
͑1͒
where
The rationale of the modal method is to first represent the field inside the grating in the form of modes of an infinite periodical structure and then to match the grating modes at interfaces z = ±h / 2 with diffraction order fields under and above the grating. Thus, the field solution in the grating region is expressed as the infinite sum
where, for the mode of order q, ␤ q is the propagation constant, a q ± are up and down wave amplitudes, and ͑ E q ͑x͒ H q ͑x͒ ͒ is the quasi-periodical part of the modal field distribution.
The following subsections will be devoted to determining the propagation constants ␤ q and modal fields. The unknown amplitudes a q ± can be found by using boundary conditions at interfaces z = ±h /2.
B. Modes of an Infinite Grating
The grating is first considered as infinite in the z direction. Let a grating mode propagate with constant ␤ q up in the z direction. In both media of which the grating is compared the mode is represented by two waves (Fig. 2) . At vertical interfaces these waves are partially reflected and transmitted. Since such reflection/transmission does not change the polarization, each mode of the grating is either TE or TM polarized.
TE Grating Modes
The electric field of a TE mode has only a transverse component directed along the y axis. Besides its periodicity, it contains the factor proportional to exp͑ik x x͒ imposed by the incident wave. Therefore, over the mth period of the grating the modal field can be found in the form
m is an arbitrary integer number, ␤ q is the propagation constant, and amplitudes b q j± , j =1,2, are to be determined.
The continuity of the electric field and of its x derivative at interfaces x = md and x = md + d 1 gives the relationships between amplitudes b q j± , j =1,2, as well as the dispersion equation on the propagation constant ␤ q :
͑7͒

TM Grating Modes
The magnetic field of a TM mode over the mth period of the grating is found as
The continuity of the magnetic field H y and of ratio ͑1/⑀͒ ϫ͑‫ץ‬H y / ‫ץ‬x͒ at interfaces x = md and x = md + d 1 gives the relationships between coefficients b q j± , j =1,2, as well as the dispersion equation on the propagation constant:
More detailed derivation of Eqs. (7) and (9) can be found in Refs. 3 and 5-8.
DISPERSION EQUATION ANALYSIS
In Sections 3 and 4, the case of a purely real dielectric permittivity is considered. This simplifies substantially the modal analysis without any loss of physical meaning. The case of lossy metals will be analyzed in Section 5. Both dispersion equations contain the square of propagation constant ␤ q only. This means that the mode propagates up and down the grating with the same propagation constant. The dispersion equation analysis is reduced to the analysis of dispersion functions f TE ͑͒ and f TM ͑͒:
where parameter represents the square of the modal effective index:
The values q are found as correspondent solutions of the dispersion Eqs. (7) and (9):
Since all quantities in the dispersion equation are real, the complex conjugate q * of any solution q will be also a solution of Eq. (13) . Thus, all eigenvalues are either real or appear as a pair of complex conjugates.
The left-hand side of the dispersion equation contains only grating parameters and does not depend on the incidence conditions. Therefore, the analysis of function f͑͒ can be performed independently of the incidence. Without loss of generality, let n 1g 2 Ͻ n 2g 2 . The analysis of the dispersion equations reveals that there are two substantially different electromagnetic structures. The first type of electromagnetic structure concerns the TE polarization in all types of gratings and the TM polarization in purely dielectric gratings ͑n 1g 2 Ͼ 0͒ or purely metallic gratings ͑n 2g 2 Ͻ 0͒. A similar behavior in all these gratings is expected since the only difference between functions f TE ͑͒ and f TM ͑͒ is given by the permittivity ratio; this ratio is always positive and the sign of the second term of the dispersion equation is not changed. For the sake of brevity, this case is referred to here as the ordinary case. The second type of electromagnetic structure concerns the TM polarization in a metaldielectric grating ͑n 1g 2 Ͻ 0,n 2g 2 Ͼ 0͒. The permittivity ratio is now negative and the sign of the second term in the dispersion equation is changed. This type of electromagnetic structure will be referred to as the special case.
There are three different domains of solutions for q with respect to n 1g 2 and n 2g 2 :
In the first domain, the ordinary case exhibits no solution since f͑͒ Ͼ 1 in the whole domain. In the special case, 
͑14͒
It can be shown that pl Ͼ n 2g 2 , f͑ pl ͒ Ͼ 1, and the existence of a modal solution in the domain Ͼ pl follows from the continuity of f͑͒. Such mode is similar to a short-range plasmon mode on a single thin metal layer. 9 Evidently, it cannot have any analog in the ordinary case.
It is well known that a thin metal layer can support a long-range plasmon as well. 10 The corresponding grating mode exists when f͑n 2g 2 ͒ Ͻ 0, so the distance between two neighboring metal sheets has to be large enough.
In the second domain, the solutions of Eq. (13) are modes of the second (dielectric in the special case) layer. No specific difference exists in the domain considered between ordinary and special cases.
The main difference between two cases is found in the third domain, Ͻ ⑀ 1g . First, consider the ordinary case. Function f TE ͑͒ can be rewritten in the form
Any solution m of the equation Fig. 3 illustrates a typical behavior of function f͑͒ in the ordinary case (metal-dielectric grating and TE polarization). The grating period is 200 nm with 0.5 line/period ratio. Grating layers are Al and air (n 1g 2 = −25, n 2g 2 = 1), the wavelength is 450 nm.
An approximate modal location is determined by condition (16). The number of modes at a given value of corresponds to the whole "optical thickness" of one grating period
In this context, each grating mode belongs to the whole structure. In the limit of high mode order, when k 1 Х k 2 Х ͱ −, the density of grating modes depends only on the ratio d / . This remains true in the presence of the permittivity ratios in the function f TM ͑͒ for the TM mode in the ordinary case.
However, the behavior of the modal solutions is quite different in the special case. In this case, function f TM ͑͒ is written as
Similar to the previous analysis one concludes that at least one modal solution is found between two consecutive solutions of the equation
The density of such solutions is less than that given by Eq. (16). The numerical example of Fig. 4 Mathematical evidence of such solutions requires, however, a physical interpretation. This is very important for four reasons. First, the existence of such solutions, even though they were mentioned in Ref. 6 , was then ignored, 11 and even denied 5, 12 by other authors, who claimed that any grating with purely real permittivities possesses only modes with purely real values m . This claim is misleading and needs to be countered. Second, the analysis of such complex ("hidden") modes reveals interesting physical analogies. Third, these modes complete the modal basis to the modal density given by Eq. (16). Finally, "hidden" modes must be taken into account in any implementation of the modal method for solving diffraction problems exactly. Table 1 represents the results of a numerical example in which the diffraction efficiency is calculated both accounting for and neglecting the hidden modes. The lamellar grating of period 200 nm with 0.5 line/period ratio is made in an Al layer of 521 nm thickness ͑n 1g 2 = −25, n 2g 2 =1͒ on a glass substrate ͑n II 2 = 2.25͒, the wavelength is 450 nm, the angle of incidence is 35°from the air side ͑n I 2 =1͒, the polarization is TM (the special case). From Table 1 it is clear that increasing the number of evanescent modes and evanescent diffraction orders considered does not improve the convergence if the hidden modes are neglected. Obviously, the role of hidden modes is crucial in this example.
The present analysis is not sufficient when the line/ space ratio of the grating is very small and/or very large. Consider, for example, the case d 1 ӷ d 2 . Two frequencies in formula (18) are not very different and this perturbs the solution behavior. The modal location is no longer determined by Eq. (16). A more appropriate expression of function f TM ͑͒ is Fig. 3 . TE dispersion curve in a metal-dielectric grating. Fig. 4 . TM dispersion curve; the grating and the incident wave are the same as in Fig. 3 . A typical behavior of f TM ͑͒ is shown in Fig. 5 . Evidently, each intersection of curve f TM ͑͒ with line cos͑k x d͒ gives a mode. Since the amplitude factor in Eq. (18) is at least unity, one mode is found between two consecutive solutions of the equation
͑21͒
The analysis reveals that the density of modes given by Eq. (21) from which we get two complex roots:
͑23͒
Such roots correspond to hidden modes of a new type. They have never been mentioned before in the literature. Similar to the hidden modes of the first type, they are very important in diffraction analysis. This fact is illustrated in Table 2 where all the structure parameters are taken the same as in the previous example of 
NATURE OF HIDDEN MODES
Section 3 explains the important difference between the ordinary and the special cases in the domain Ͻ n 1g 2 . The two types of hidden modes identified in the special case are the subject of this section.
The first step is to analyze the behavior of the modal fields corresponding to q in the modal basis. Let us start by considering the ordinary case with the structure parameters those of Fig. 3 . The modal fields ⌿ q ͑x͒ = E y ͑x͒ represented in Fig. 6 demonstrate that the power in each TE mode is essentially evenly distributed in both layers of the grating. This confirms our conjecture that each mode in the ordinary case pertains to the whole grating period.
Quite different is the situation in the special case. Figure 7 represents the TM modal fields of the grating having the parameters of Fig. 3 . Ratio ⌿ q ͑x͒ = H y ͑x͒ / n͑x͒ is used rather than field H y ͑x͒ in order to demonstrate the mode power distribution over the grating period. One can conclude that all normal (not hidden) modes of this structure can be assigned two sets: the "dielectric" modes whose power is essentially concentrated in the dielectric layer, and the "metal" modes whose power is mainly in the metal layer.
The power of a hidden mode is evenly divided between the two layers of a period. Considering the fields of two conjugated hidden modes ⌿ q ͑x͒ and ⌿ p ͑x͒ reveals that in one layer their fields coincide whereas in the other layer they are opposite in phase (see Fig. 8 ). Therefore, combination ⌿ q ͑x͒ + ⌿ p ͑x͒ gives rise to a dielectric mode, and combination ⌿ q ͑x͒ − ⌿ p ͑x͒ to a metal one. Such modal behavior is well known in the coupled-mode theory 13 : When two neighboring modes are coupled, the eigenmode field is represented by a combination of the coupled modal fields. Thus, the described field behavior allows the hypothesis that a pair of hidden modes of a grating is the result of the coupling between a dielectric and a metal mode.
A similar behavior of the modal fields is found in the case of a small line/space ratio. Figure 9 represents the modal fields of the grating structure with very narrow slits having the same parameters as in Fig. 5 . One can conclude that all nonhidden modes of this structure are modes of the larger (metal) layer whereas each hidden mode is possibly the result of the coupling between a dielectric mode and a metal mode. Thus, the analysis of the modal field reveals the following difference between the ordinary and the special cases: whereas in the ordinary case all modes are modes of the whole period of the grating, in the special case each nonhidden mode is either a mode of the dielectric layer or a mode of the metal layer; hidden modes are likely to be the result of the coupling between a dielectric and a metal mode. Consequently, the modal constants in the ordinary case are determined approximately by Eq. (16), whereas in the special case the dielectric-mode propagation constants are approximately determined by
and the metal-mode propagation constants by (25) give the location of metal-layer modes (thick curves) and dielectric-layer modes (thin curves).
Note that total modal density m = m 1 + m 2 will be the same as in the ordinary case. In order to check these statements the diagram representing q versus the line/period ratio r = d 1 / d is calculated. In the ordinary case (see Fig. 10 ), the dispersion curves are well separated and lie between the characteristic curves determined by condition (16).
In the special case [see Fig. 11(a) ] the dispersion curves are well determined by Eqs. (24) and (25) [ Fig. 11(b) ]. At the points where two curves of different sets intersect, the dispersion curves are split and the modes become hidden modes with complex value of q . This confirms our hypothesis that the coupling between modes of different layers is at the origin of a hidden mode.
COMPLEX METAL PERMITTIVITY
Although a lossless metal was considered in the previous analysis for the purpose of clarifying the nature of the hidden modes, problems involving lossy metals are treated straightforwardly without additional difficulty.
Considering the previous examples, a lossy metal is now assumed n 1g 2 = −25+ i5. One can expect that only modes whose electric field penetrates deeply into the metal part of the grating will be affected by the change of n 1g 2 . Table 3 presents solutions of Eq. (7) for the lossless as well as for the lossy metal. Clearly, square effective indices q acquire an imaginary part that is of the order of 1 2 Im͑n 1g 2 ͒. This confirms the statement that all the TE evanescent-mode fields belong to the whole period of the grating. Tables 4 and 5 present solutions q of Eq. (9) for different line/space ratios. Evidently, all square effective indices of the metal-layer modes acquire an imaginary part that is approximately Im͑n 1g 2 ͒, whereas the square effective indices of dielectric-layer modes are only slightly changed. Since each hidden mode represents a pair of coupled modes of different kind, their propagation constants' behavior is more complicated.
CONCLUSION
The few evanescent TM modes of a metallic grating exhibiting a coupled-mode character even in presence of a lossless metal have been identified and shown to play a decisive role in the general correctness of the original modal method. Once the modes are taken into account, the solution to high index contrast and metallic grating problems is obtained with high accuracy with a small number of modes in a very short time.
All evanescent TM modes of a lamellar grating can be separated into three sets: dielectric-layer modes, metallayer modes, and coupled dielectric-metal modes. This fact eases considerably the procedure of the root search and can be generalized to any lamellar grating.
